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One-Loop Renormalization of the Electroweak Sector with Lorentz Violation 
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The one-loop renormalizability of the electroweak sector of the Standard Model Extension with 
Lorentz violation is studied. Functional determinants are used to calculate the one-loop contri- 
butions of the higgs, gauge bosons and fermions to the one-loop effective action. The results are 
consistent with multiplicative renormalization of the SME coupling constants. Conventional Elec- 
troweak symmetry breaking is effectively unaltered relative to the standard case as the renormalized 
SME parameters are sufficient to absorb all infinite contributions. 

PACS numbers: Valid PACS appear here 



I. INTRODUCTION 

The Standard Model Extension (SME) provides a 
framework within the context of conventional quantum 
field theory that allows for general Lorentz-breaking ef- 
fects. The construction generates all possible couplings 
of standard model fields to constant background fields 
that serve as a source for spontaneous Lorentz breaking. 

In a recent series of articles, various one-loop renormal- 
ization calculations have been performed. All of these 
have indicated that multiplicative renormalization still 
works, even when Lorentz symmetry is not intact. Ex- 
plicit verification in the case of Lorentz-breaking theo- 
ries is important since conventional techniques frequently 
make use of Lorentz invariance arguments to establish 
renormalizbility. This paper extends these previously 
obtained results to the electroweak sector of the SME. 
More specifically, the functional determinant formalism 
is used to calculate radiative corrections to one-loop in 
the Higgs, fermion, and gauge boson sectors of the elec- 
troweak model. The renormalization is incorporated us- 
ing multiplicative factors as in the conventional case. 
This renormalization procedure is formally carried out 
before SU{2) x C/(l) breaking so that the symmetries 
can be utilized fully. 

The investigation of the renormalizability properties 
of the SME was first started in P, Q where the au- 
thors studied one-loop radiative corrections for QED with 
Lorentz violation. In this prior work, the one-loop renor- 
malizability of general Lorentz and CPT violating QED 
was established. The manuscript [l| includes an analy- 
sis of the explicit one-loop structure of Lorentz- violating 
QED and the resulting running of the couplings. The au- 
thors established that conventional multiplicative renor- 
malization succeeds and they find that the beta func- 
tions indicate a variety of running behaviors, all con- 
trolled by the running of the charge. Portions of this 
analysis have been extended to allow for a curved-space 
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background Q, while other analysis involved finite, but 
undetermined radiative corrections due to CPT viola- 
tion [1, [E B 0, |8|, ISl, 113. In addition, recent papers 
have addressed anomalies in the presence of Lorentz- 
violating terms [ll|, ■ The main results indicate that 
the anomaly is present even in the absence of Lorentz 
symmetry and the fundamental nature of the anomaly is 
essentially the same as in the conventional case. 

The Lorentz violating QED results of [1] were extended 
to non-abelian gauge theories including QCD in [l^ [3 
where the authors established that Yang-Mills theory is 
renormalizable at one-loop, provided the gauge group re- 
mains unbroken. The electroweak sector presents addi- 
tional challenges, mainly due to the SU{2) x U{1) sym- 
metry breaking and the parity violating fermion sectors. 
In addition, the Higgs participates as a scalar field that 
was not considered in previous work on the subject. The 
present paper focuses on the functional determinants that 
integrate out the Higgs and fermion sectors as the gauge 
sector has already been handled in sufficient detail in [ij . 

The current work should be viewed as part of an 
extensive, systematic investigation of Lorentz violation 
and its possible implications for Planck-scale physics 
[il [ii, [13, [il, [II iS 111 ii . Recent work involving 
Lorentz violation and cosmic microwave background fluc- 
tuations ^24^ suggest that the SME might play a useful 
role in cosmology. In addition to the above, the SME for- 
malism has been extended to include gravity [2^, [lH, |23| , 
where it has been suggested that Lorentz violation pro- 
vides an alternative means of generating General Rela- 
tivity [li,!!!]. 

Some other work relevant to the current paper includes 
a study of deformed instantons in pure Yang-Mills the- 
ory with Lorentz Violation [s^, [Mj, an analysis of the 
Casimir effect in the presence of Lorentz violation (3^ . an 
analysis of gauge invariance of Lorentz- violating QED at 
higher-orders [33| , and possible effects due to nonpolyno- 
mial interactions (33 |. Some investigations into possible 
Lorentz-violation induced from the ghost sector of scalar 
QED have also been performed j55j. Higher powers of 
spatial derivatives that violate Lorentz invariance have 
been used to argue improved behavior of renormaliza- 
tion for scalar and gauge theories [36l.[37t at higher-order. 
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In addition, functional determinants have been used to 
compute finite corrections to CPT-violating gauge terms 
arising from fermion violation [38l |. 



II. NOTATION AND CONVENTIONS 

In this paper we adopt the conventions used in [s^ . l40l | 
to define standard model fields and Lorentz-violating 
couplings. The electroweak sector contains left- and 
right-handed lepton and quark multiplets denoted as 



where 



La 



UA 

d-A 



VA 

Ia 



Ra = {Ia)i 



, Ua = {ua)r , Da = (rfA)fl , (1) 



1(1 ~ 75)^" 



V-fl^ i(l + 75)V' , (2) 



as usual, and where A ~ 1,2,3 labels the flavor: Ia = 

{e,fl,T), VA = (l^e, t'p, i^r), UA = {u,c,t), dA = {d,s,b). 

We denote the Higgs doublet by 4>. 

The lagrangian terms in the usual SU(2) x U(l) elec- 
troweak sector of the minimal standard model are 



/^lopton = ^iLAj^ D^, La + \iRAl^ Df, Ra 



^niiaik — ^'^QaI^ L)f_i Qa 



quark — A / -^M ' 2*^-47^ -C/i C/4 



-\iDai'' Da 



(3) 



(4) 



-^Yukawa = - [{G l) AB La4'Rb + [Glj) AbQ a'I^'^U B 

+ (Gd)abQa'/'-Db] +h.c. , (5) 
where h.c. indicates the hermitian conjugate. 



{D^4>)^D^4> + ix^4>U- 



(6) 



(7) 



The Yukawa coupling Gl for the leptons may be diago- 
nalized in the usual way before any SU (2) xU{\) symme- 
try breaking occurs. The quark couplings Gjj and Gd are 
more complicated due to the existence of right-handed up 
quarks. It is only possible to simultaneously diagonalize 
these couplings in a specific gauge, so they are left arbi- 
trary at this point. Note that massive neutrinos can be 
incorporated easily by making the structure of the neu- 
trino sector match that of the quark sector. This is not 
done here so that the two sectors may be contrasted more 
effectively. 

The corresponding Lorentz-violating terms in the SME 
are given for each sector as they appear in the following 
sections of the paper. 



III. HIGGS SECTOR CORRECTIONS 

In this section we introduce the Lorentz-violating 
terms in the SME involving Higgs couplings. Recall, the 
one-loop effective action for a field theory can be written 
as a functional integral over fields 



expir[«'] = j V^t 



i/d''x£[*] 



(8) 



The effective action is constructed by writing the under- 
lying fields as the sum of classical background fields and 
fluctuating quantum fields. The effective action is given 
by a classical term perturbed by terms quadratic in the 
fiuctuation. The quadratic term gives rise to a Gaussian 
integral, which in turn can be described by a functional 
determinant Using £ci ^ jCq + Cc.t. for the classical 
Lagrangian as a function of the background field where 
Cc.t. is the counterterm Lagrangian, the expression gen- 
erates terms of the form 



expir[*] 



det(A)" 



(9) 



where the A are operators which are given explicitly be- 
low, and n is an exponent that depends on the field type. 
To compute the above determinants, dimensional reg- 
ularization is used. Each determinant is treated sepa- 
rately, beginning with the pure Yang-Mills gauge field 
contribution. The calculation is performed to first or- 
der in Lorentz violating parameters. As this is the case, 
the computations of the various terms decouple and the 
CPT-even and CPT-odd cases can be treated indepen- 
dently. 

The conventional Higg's sector lagrangian with 
SU{2)l doublet </> is written as 



A 



The covariant derivative acting on is 



D,, 



(a, 



M ''2^^1-1" ' 2 



(10) 



(11) 



For notational simplicity, it is convenient to introduce 
the quantity 



(12) 



The Lorentz-violating contributions split into CPT even 
and CPT odd terms 



C 



CPT-ovcn 
Higgs 



\{k^^Y''{D^(l))^D,(l) + h.c. 

(13) 



and 



(14) 
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We will write the Higgs fields as the sum of a classi- 
cal background field (denoted with an underline) and a 
fluctuating quantum field: 

(j) l+4>. (15) 

First, the one- loop contribution of the term fc^^ is cal- 
culated. The quadratic contribution to the lagrangian 
is 

CMggs - 0^ [-D^ + - 5 [ih^r^'D^D, + h.C.]] 

(16) 

Integration over the Higgs fields yields logdet of the op- 
erator in the brackets. To facilitate calculation, k^^ = 
k^^ + ik^^ is split into a symmetric real part and 
an antisymmetric imaginary piece. The kinetic, field- 
independent piece of the operator 



p = -iv^- + ki;;)d,d, + 1,' , 



(17) 



is factored out of the expression. The inverse of this 
operator is written using the Fourier expansion 



ct^p e 



-ip-{x-y) 



(27r)4((7^M- + fc^;)p^p,+/i^ 



(18) 



Note that appears with opposite sign to the usual 
scalar field propagator mass term. This occurs because 
the renormalization is being performed before sponta- 
neous breaking of SU{2) x U{1) is implemented. The 
operator expansion 



1 



A+B AAA 



(19) 



is then used to expand the inverse kinetic operator for 
small The result of a calculation involving the real 
component yields the Lorentz-violating contribution 



logdet [-D^~^ikf^r^D,D,] = 
1 i 



,r{2-l){k!'.rQ^'^ 



(20) 



6 (47r)2 

where the gauge invariant operator Q'"' is defined as 

Q^"' = tr J -0,{¥'k''A^~2k''A''k-A+k^A^'A'') . (21) 

Note that this term contributes radiative corrections to 
the anti-self-dual components of the Lorentz-violating 
gauge terms 

r 

1 

'4^ 



-CPT-cvon 
-Kaugc 



-Tr{kwr''"^'W^,Wo.l, 
-{kBY'"'^B^,B^p. (22) 



A calculation using the antisymmetric component of A:^ 
yields 



logdet[-D^ ~\{kl^Y-D^D, 



(2^)4(p2+M2) 



(23) 



a quadratically divergent linear field instability. This sug- 
gests that k^^ should be set to zero in any sensible the- 
ory, although it is possible to arrange a cancellation as 
described next. 

The remaining CPT-even Higgs corrections are the 
k^w and fc^s couplings. The contribution of fc0vi/ is 
zero due to the Lie Algebra trace, but the term fc^s con- 
tributes 



logdet[-D^^ - ^{k^BT^B^,] 

1 r d'^p 
2] (27r)4(p2 + ^2 



(24) 



again introducing a linear instability. If the bare coeffi- 
cients are chosen appropriately, it is possible to obtain a 
cancellation ^^0<^ + k^B = at one loop. This choice 
simply corresponds to choosing the /c^s term to cancel 
the corresponding fc^^ coupling to the B field in the orig- 
inal lagrangian. In general, there is no such restriction 
and a quadratically divergent linear instability in B^^i, 
will result. 

The remaining CPT-odd Higgs sector term is the vec- 
tor kef). It's contribution to the divergent piece of the 
determinant is in fact zero as the various terms cancel 
out in the equations. In fact, the field redefinition 



(25) 



of the Higgs field eliminates this term entirely from the 
theory to all orders, contributing only to the mass pa- 
rameter for the Higgs at second order in k^. In addition, 
this redefinition removes the nontrivial vacuum expecta- 
tion value found for the Z boson in . This implies that 
the electroweak symmetry breaking is unaltered from the 
conventional case when the fields are appropriately de- 
fined. 



IV. FERMION SECTOR CORRECTIONS 

The left- and right-handed fermion fields are treated 
differently with respect to the covariant derivative, there- 
fore, they must be separated in the construction of the 
determinant. To accomplish this in the leptonic sector, 
the fermion fields in each generation are arranged into a 
six-component multiplet of the form 



La 




(26) 



The Lorentz-invariant portion of the Lagrangian can 
be written in the form L — LML using the cross- 
generational matrix 



Mai 



/B 



a 

V2 



(Gl)ab4>-' 



V {G\)ab^- 



(27) 
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Where the Feynman slash notation indicates contraction 
with one of the 2x2 representations = {Id, a) ,ora^ = 
{Id, —a) for the right- and left-handed fields respectively: 

/A^a'^A^, lA^a^^A^. (28) 

The Lorentz-violating terms can be easily included into 
the above matrix. In the 4x4 Chiral representation for 
7^, they take the form 

£CPT— even \ •( \ ~r M T\v T 

lopton = 2^{cl)i,vAbLai^ D Lb 

+^i{cR)^,ABRAl^ D-" Rb , (29) 

'^Spton°'''^ = -{0-l)^iAbLa7^Lb - {aR)tiABRAl^RB , 

(30) 

and the Yukawa terms are 

^5ul;r" = -1 [{HL),.ABLA<l>a^-RB + h.c.] . (31) 

The kinetic, field-independent portion of the operator can 
be written as 

f {Pl)ab \ 

Pab= \ {Pl)ab , (32) 
V {Pr)ab J 

where {Pl)ab = i{(^5AB + {cL)tJ.iyABO'^d''), and 
{Pr)ab = i{/d5AB + {cR)^,l,AB(T^^''). The contribu- 
tion of the c-terms to the logdet in this case yields 

t'^" - -i^5"r(2 - i)Tr{cL + 2cr)M\ (33) 
and 

= (ii)^^'^^^ " i)^'^^^^^'^Qw^ (34) 

where and are defined as in eq. (PT|) with A re- 
placed with B OT W respectively. The trace includes a 
summation over generational indices that have been sup- 
pressed for notational simplicity. This contribution can 
be absorbed into the Lorentz-violating gauge fc^ and k\Y 
terms given in ea. ip^ . The Lorentz-violating Yukawa 
terms yield traces over sigma matrices that vanish, so 
they don't contribute to one-loop radiative corrections. 
In addition, the CPT-odd leptonic terms can be elimi- 
nated using field redefinitions, so they don't contribute 
either. 

The quark sector may be handled similarly by defining 
the multiplet 




The calculation proceeds in exactly the same manner as 
in the leptonic sector with Mab replaced by the corrse- 
ponding 4x4 matrix. As in the leptonic sector, the only 
contribution arises from the c couplings 

<raTl7'=™" = ¥{cQ),.ABQAr Qb 
+ \i{cu)f.uABUAY Ub 

+ ^i{cD),..ABDAl'' Db , (36) 

with the result for logdet of T'' ^ T"^ + Tw with Tw the 
same as in the leptonic calculation of eq. (l34p and 

(37) 

The difference in coupling factors are due to the standard 
hypercharge assignments of the quark fields relative to 
the leptonic fields. 

V. ELECTROWEAK SYMMETRY BREAKING 

Once the coupling constants have been renormalized, 
it is a simple matter to incorporate the electroweak sym- 
metry breaking. Specifically, a term can be added to the 
Lagrangian of the form 

CsB^s- (t,{x), (38) 

where s is a small, external source field that induces the 
breaking. The vacuum expectation value for the Higgs 
field is therefore fixed to point along the direction of s. 
The inverse of the renormalization factor used to rescale 
(f) can be used to renormalize the external source to keep 
the symmetry breaking term finite. This procedure is the 
same as the procedure used to incorporate renormaliza- 
tion in the linear sigma model with symmetry breaking 

Once the renormalization factors are included in the 
standard SME parameters and they are rendered finite, 
it is a simple matter to perform an extremization of the 
static electroweak potential. This calculation has already 
been performed in j40l | and will not be reproduced here. 
One additional feature worth mentioning is that the di- 
agonalization of the mass matrices for the photon and 
Z introduces quadratic photon-Z couplings proportional 
to the difference between the CPT-even gauge couplings 
kw and fc^. This may lead to interesting novel exper- 
imental effects and may place very stringent bounds on 
the difference between these two parameters. 

VI. SUMMARY 

Functional determinant techniques can be easily 
adapted to the electroweak sector by performing the 
renormalization prior to SU{2) x U{1) breaking. It is 
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found that conventional multiplicative renormalization 
factors suffice to renormalize the theory to one loop as 
with the other sectors of the SME. Electroweak break- 
ing is then essentially the same as in the usual standard 
model, provided the proper field redefinition is imple- 
mented on the phase of the Higgs field. 

This paper (together with references [H, exhausts 
the uses of functional determinants in computing one- 
loop renormalization effects in the SME. This serves as 
an important first step towards future work that will 
hopefully involve demonstrating full renormalization to 
all orders in perturbation theory for the SME. The one- 
loop renormalizability of the SME is promising as it is 
used effectively in the standard case to argue all-orders 
results, but in the standard case, Lorentz invariance is 
frequently used in the arguments, so the details of the 
argument in the absence of Lorentz invariance would be 



very interesting. 

One interesting fact that results from the analysis is 
that parameters that are not bounded very tightly in the 
tree-level theory (such as tau couplings...) contribute to 
the one-loop effective action suppressed by the square 
of the appropriate coupling. This indicates that very 
stringent photon bounds (for example) may be used to 
estimate reasonable levels for other coupling constants in 
the SME that are so far unbounded by direct experiment. 
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